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ABSTRACT: The persistent radical effect (PRE) originally proposed by H. Fischer was reevaluated. The original
Fischer’s equations for nitroxide-mediated polymerization (NMP) were examined, and new equations were derived
to extend PRE treatment to higher conversions. The NMP kinetic process was divided into three stages, i.e.,
preequilibrium, transition period, and quasi-equilibrium, which were further analyzed separately. The kinetics
for model reactions as well as for NMP of styrene and methyl methacrylate mediated byN-tert-butyl-N-[1-
diethylphosphono-(2,2-dimethylpropyl)] nitroxide (also known as SG-1 or DEPN) were evaluated.

Introduction

Nitroxide-mediated polymerization (NMP) was the first
successful controlled/living radical polymerization method
(Scheme 1).1,2 The persistent radical effect (PRE) for NMP,
proposed originally by Fischer, described overall kinetics of
NMP and also variation of concentration of growing (transient)
and persistent (nitroxyl) radicals involved in NMP.3-8 Equations
derived for the concentrations of persistent and transient radicals
predict a peculiar scaling with time1/3 until a significant amount
of persistent radical is formed. A similar treatment was proposed
for the atom transfer radical polymerization (ATRP).4 From such
dependences the equilibrium constants in NMP and ATRP can
be determined, provided that initial concentrations of all reagents
and rate constant of termination (usually diffusion-controlled)
were known (cf. eq 2). We recently reported that these equations
cannot be applied for highly active ATRP systems when large
amounts of persistent radicals are formed. Therefore, we derived
new equations for ATRP, applicable from the time when the
quasi-equilibrium between activation and deactivation is reached,
to essentially infinite time.9 These equations can be used for
the precise determination of the equilibrium constants.

In this paper we extend the analysis to NMP systems and
provide deeper insight into the operation of PRE by using Predici
simulations.

Simulation. The Predici program (version 6.3.1) was used
for kinetic modeling.10,11It employs an adaptive Rothe method
as a numerical strategy for time discretization. Concentrations
of all species can be followed. Calculations were performed on
a personal computer and took approximately 3-5 min to
complete.

Results and Discussion

Fischer’s Equation. The persistent radical effect for nitrox-
ide-mediated polymerization was originally described by
Fischer.3 In the absence of monomer (no propagation,kp), the
NMP equilibrium (Scheme 1) simplifies to three elementary
reactions: activation (or dissociation of alkoxyamine R-Y, kd),
deactivation (or cross-coupling of transient radical R with

persistent radical Y,kc), and termination of transient radicals
to form product P (kt).

In this case, the rate of formation of the deactivator (the
persistent radical, Y) and the rate of loss of the generated
transient radical (R) are given by the following expressions (eq
1).

The term 2kt is used in above expressions because a single
termination step consumes two radicals. This is also in ac-
cordance with IUPAC’s recommendation.12

The two coupled differential equations were solved analyti-
cally by Fischer3,4,7,8 and also, independently, by Fukuda.13,14

They proposed that the increase of concentration of deactivator
(Y) should be proportional tot1/3 and the loss of transient radical
(R) proportional tot-1/3 ( eq 2).

This dependence (for persistent radical, Y) should be valid in
the time interval defined by eq 3. Equation 4 should be also
fulfillled. 3,4,7,8
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All of the equations in this paper are slightly different from
original Fischer’s equations. For consistency, they were modified
by replacingkt with 2kt. Equation 4 was directly obtained by
settingtL < tU, which differs from Fischer’s original equation
by a factor of 2.

Derivation of New Equations for PRE. The dependences
described in eq 2, derived independently by Fischer and
Fukuda,4,13 used initial concentration of the initiator (I0) rather
than the actual one,I. However, in all radical systems, initiator
concentration constantly decreases with the progress of the
reaction. In our previous report, we proposed that it was more
accurate to use the actual concentration of the initiator (and also
catalyst in the ATRP system) to derive the kinetic equations
for transient and persistent radicals, especially when reactions
proceed to higher conversion.

A similar case is for NMP, although NMP equilibrium
constants are relatively smaller than those in ATRP. Thus, a
new equation for the evolution of persistent radical during the
quasi-equilibrium stage was derived. The derivation is based
on the stoichiometric requirement, i.e.,I0 - I ) Y, and the
assumption dY/dt . -dR/dt after quasi-equilibrium (a detailed
derivation is included in Appendix I).

The analytical solution of equations for NMP is similar to
ATRP system. However, the solutions are different, since there
is no catalyst (CuI species in ATRP) in NMP. Using variableI,
the integration of eq 1 leads to the following expression

where the persistent radical concentration (Y) is the only variable
on the left-hand side of the equation. Again, 2kt was used in
the derivation because two radicals were consumed in a single
termination step. If one uses a new functionF(Y), where the
only variable isY

then a plot ofF(Y) vs t should provide a straight line with a
slope 2ktKeq

2. The equilibrium constants for NMP could be then
calculated asKeq ) xslope/2kt.

Model System 1-PhEt-SG1.Three NMP systems were
studied using Predici simulations. They are based onN-tert-
butyl-N-[1-diethylphosphono-(2,2-dimethylpropyl)] nitroxide
(also known SG-1 or DEPN), as shown in Scheme 2. The
corresponding alkoxyamines are quite labile and are character-

ized by large values of equilibrium constants, as shown in Table
1. We selected a model systems in polymerization of styrene
without monomer (entry 1), the second one is styrene NMP,
and the last one is NMP of methyl methacrylate. In the latter
two cases the rate constants of dissociation and coupling for
initiator and growing species are the same to simplify analysis.
Indeed, the literature values for polystyrene and 1-PhEt-SG-1
are very similar.

Figure 1 compares, in double axes format, the plots for the

classic Fischer’s equation (broken line showingY vs t1/3) and
new equation (solid line depictingF(Y) vs t) for a system with
rate constants similar to those determined for 1-PhEt-SG1 (entry
1 in Table 1), a relatively active alkoxyamine at 120°C.15,16

Both plots should be linear. The plot based on the new eq 5 is
perfectly straight and gives an equilibrium constant (2.0× 10-8

M) identical to the actual one used in a kinetic simulation (2.0
× 10-8 M). However, the plot based on Fischer’s eq 2 is not
straight during the time range defined by eq 3, i.e., 1.8 s1/3 <
t1/3 < 10.1 s1/3. The requirement (eq 4) proposed by Fischer for
the validity of the eq 2 is obviously fulfilled forkc ) 5.0× 105

M-1 s-1 andkt ) 2.5× 109 M-1 s-1, i.e.,Keq ) 2.0× 10-8 M
< I0kc/16kt ) 6.2 × 10-7 M.4,5

The initial slope (5.9-100 s) from Fischer’s plot givesKeq

) 2.1 × 10-8 M, the final slope (the last 10% beforetU ) 1.0
× 103 s) givesKeq ) 0.85× 10-8 M, and the average value by
fitting all data givesKeq ) 1.4 × 10-8 M.

Time Range Constraints.Although the time range defined
by Fischer, when the dependenceY ∼ t1/3 should be valid (eqs
3 and 4), is fulfilled, deviations are observed.

If the upper time limit is inserted into eq 2, one obtainsY/I0

) 0.5. This indicates that the buildup of persistent radical should
reach 50% when the reaction time reaches the upper limit. This
result contradicts Fischer’s statement that there is “only very
little conversion of R-Y to Y and P”.4 Even if one sets the
upper time limit 10 times smaller, the R-Y conversion is still
as high as 23.2%.

In fact, the persistent radical concentration is constantly
increasing until it reachesI0. There is a short stage when the

Table 1. Rate Constants Used in the Simulations for SG-1-Based Nitroxide-Mediated Polymerization Systems

no. Ma kd (s-1) kc (M-1 s-1) Keq (M) kt (M-1 s-1) kp (M-1 s-1) temp (°C) ref

1 (St) 0.01 5.0× 105 2.0× 10-8 2.5× 109 / 120 15, 16
2 St 0.011 5.5× 105 2.0× 10-8 1.0× 108 2.0× 103 120 15, 16
3 MMA 0.01 1.4× 104 7.1× 10-7 6.1× 107 5.8× 102 45 20

a St ) Styrene; MMA) methyl methacrylate.

Scheme 2
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Figure 1. Kinetic data for persistent radical effect using new equation
(s) and Fischer’s equation (- - -);kd ) 0.01 s-1, kc ) 5 × 105 M-1

s-1, kt ) 2.5 × 109 M-1 s-1, I0 ) 0.05 M,Keq(calc) ) 2.0 × 10-8 M.
F(Y) is an expression as a function ofY (eq 6), andY is the persistent
radical concentration.
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conversion of R-Y is very low, during which evolution ofY
follows closely t1/3, as predicted by Fischer’s equation. This
period corresponds to the linear part in the double-log plot of
Y vs t, where the slope of this linear part is 1/3. However, the
slope in the double-log plot is constantly changing due to

progressive decrease ofI. In fact, Fischer noticed a “deviation
at long time” and stated that “these are noticeable although in
the considerable time range the conversion is below 4%”.7

Comparison of Original Fischer’s and New Equations.To
compare the new equations with Fischer’s equations, the
calculated values ofY from these two equations along with
simulated one were plotted vs time in Figure 2. The data
calculated from the new equation match perfectly with the
simulation data after the system reaches quasi-equilibrium. The
plot from Fischer’s equation deviates slightly from simulated
values in the indicated time range (5.9 s< t < 1.0 × 103 s).
However, the deviation becomes much stronger in the linear
time scale plot (Figure 3) because logarithmic plot decreases
the difference. The difference increases with reaction time. At
the point of upper time limit defined by Fischer, the deviation
from the values predicted by the original equation is∼31%.

As shown in Figure 2, Fischer’s equation is valid only during
a short period. This period (40-400 s) is much shorter than
the time range proposed by Fischer (5.9-1.0× 103). The new
equation does not have an upper time limit. The new equation
is valid from the moment that system reaches quasi-equilibrium
to essentially infinite time.

Analysis of PRE.Kinetic simulations help to better under-
stand the evolution of all species in NMP and the dynamics of
PRE. Figure 4 shows a double-axis plot for the evolution of
concentrations of the initiator (I), the transient radical (R), and
the persistent radical (Y) (solid green lines), as well as the
activation rate (Rd), the deactivation rate (Rc), and the termina-
tion rate (Rt) (dotted thin black lines). Also, the dependences
predicted from Fischer’s equation (broken red lines) and from
new equation (YandR) (broken blue lines) are shown in Figure
4. The values ofR (in blue) are calculated from the equilibrium
equation (i.e.,R ) KeqI/Y) using the values ofY from new
equation. The whole process could be divided into three stages,
i.e., preequilibrium, transition period, and quasi-equilibrium.
These three stages will be analyzed separately.

Preequilibrium.When the reaction starts, concentrations of
both Y andR increase linearly at the same rate. TheY andR
are so small that the deactivation rate (Rc ) kcRY) is negligible

Figure 2. Evolution of concentrations of all species (solid lines) and
concentrations of persistent radical predicted from new equation (0)
and Fischer’s equation (O); kd ) 0.01 s-1, kc ) 5 × 105 M-1 s-1, kt )
2.5 × 109 M-1 s-1, I0 ) 0.05 M. Keq(calc) ) 2.0 × 10-8 M.

Figure 3. Simulated and calculated persistent radical values from new
equation and Fischer’s equation;kd ) 0.01 s-1, kc ) 5 × 105 M-1 s-1,
kt ) 2.5 × 109 M-1 s-1, I0 ) 0.05 M.Keq(calc) ) 1.0 × 10-9 M. Y is
the persistent radical concentration.

Figure 4. Simulated concentrations of all species (solid green lines) and concentrations predicted from new equation (broken blue line) and
Fischer’s equation (broken red line). Rates of activation (Rd), deactivation (Rc), and termination (Rt) shown as dotted black lines:kd ) 0.01 s-1, kc

) 5 × 105 M-1 s-1, kt ) 2.5 × 109 M-1 s-1, I0 ) 0.05 M. Keq(calc) ) 2.0 × 10-8 M.
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compared to the activation rate (Rd ) kdI). The radicals are
terminated by self-coupling with a rateRt ) 2ktR2, but the
termination rate is also very small compared withRd. Therefore,
the reaction becomes a very simple one way reaction in the
preequilibrium stage. For most cases during the preequilibrium,
the change of initiator concentration is very small and can be
neglected. So, dR/dt ) dY/dt ) Rd ) kdI0, and after integration
R ) Y ) kdI0t.

The termination rate (Rt) increases faster thanRc due to the
larger value ofkt (2.5 × 109 M-1 s-1) thankc (5 × 105 M-1

s-1), althoughR andY are almost the same during this period.
ThenR starts to deviate from the linear plot (Figure 4) due to
self-termination, and this happens earlier than forY. At this time,
Y is still accumulating and follows the linear plot (Y ) kdI0t)
becauseRc is still very small as compared withRd.

R reaches its maximum (dR/dt ) 0, steady state) at the same
moment whenRt reaches its maximum and becomes equal to
Rd. This steady state holds for a short period during which
decrease inRt is balanced by increase inRc.

The maximum value ofR could be estimated as follows.

Thus,kdI0 ) 2ktR2 andR ) xkdI0/2kt.
The start time when the transient radical reaches its steady

state could be estimated by settingR ) kdI0t ) xkdI0/2kt,
which givest1 ) 1/2kdI0kt. The end time of this steady state
could also be estimated by using Fischer’s equation:R) (KeqI0/
6kt)1/3t-1/3 ) xkdI0/2kt, which givest2 ) (x8ktKeq)/6I0

1/2kd
3/2.

For larger equilibrium constant (Keq), the steady state of the
transient radical (R) is extended, and for deactivation negligibly
slow, the system converts to a conventional radical polymeri-
zation.

During this period the accumulation ofY follows a simple
exponential decay ofI0. Thus, dY/dt ) kdI ) kd(I0 - Y), and
after integration,Y ) I0(1 - e-kdt). By following the evolution
of Y (e.g., by EPR), the values of dissociation constant (kd) could
be obtained.

R starts to decrease and followt-1/3 behavior whenRc

becomes larger thanRt. However,Y still increases linearly on
the bilogarithmic plot. Then, whenRc increases to a sufficient
level, evolution ofY changes from linear tot1/3 according to
the original Fischer’s prediction.

Transition Period.During the transition period, the slope of
the double-log plot forY vs t will change from 1 to∼1/3
(eventually at the very long time will change to 0). The
activation rate (Rd) is still almost constant. However, the
deactivation rate (Rc) increases to reach the activation rate (Rd).
The termination rate (Rt) becomes now smaller than deactivation
rate (Rc) and continues to decrease due to the decrease ofR. At
this stage, the activation rate equals to the sum of the
deactivation rate and termination rate, i.e.,Rd ) Rc + Rt. Also,
dY/dt ) dR/dt + Rt ≈ Rt.

Thus,Rstarts to obey thet-1/3 law whenRc > Rt, butYobeys
the t1/3 law only whenRc approachesRd and they reach quasi-
equilibrium.

Quasi-Equilibrium.When Rd reaches the value ofRc, the
system enters the third stage: quasi-equilibrium. During this

stage, coupling is the major deactivation process,Rc . Rt.
However, the progressive accumulation of the persistent radical
Y also indicates the initiator concentration (I) is reduced to a
significant extent. The activation rate (Rd) starts to decrease due
to the significant consumption of initiator (this was not
accounted for in the Fischer’s treatment). The termination rate
(Rt) continues to decrease to a very low level.

During this quasi-equilibrium stage, there is a short period
where the slope of the double-log plot forY vs t is ∼1/3, i.e.,
Y∼ t1/3. When the initiator concentration does not change much
(<10%), the equations for the evolution of the persistent radical
and transient radical are close to the power-law equations
derived independently by Fischer and Fukuda.4,13The start point
of this period (tL) could be estimated when the two lines ofY
∼ t andY ∼ t1/3 cross (as derived by Fischer), i.e.

So tL ) (x6ktKeq)/I0
1/2kd

3/2, which is slightly larger than (1.84
times) the lower time limit derived by Fischer (eq 3). This also
indicates that the quasi-equilibrium for persistent radical Y is
reached later than for the transient radical R, as noticed but not
explained by Fischer.4

As the equations above indicate (cf. also eq 3), the lower
time limit (tL) is determined byKeq/(I0

1/2kd
3/2) ) kd

1/2kc/I0
1/2 (kt

) 2.5 × 109 M-1 s-1 is assumed to be constant). The upper
time limit (tU) is determined by the initiator concentration and
the equilibrium constantI0/Keq

2 (eq 3). Usually, the value oftL
is very small (several seconds); therefore, the length of time
range for the validity ofY ∼ t1/3 is mostly determined by the
equilibrium constant (I0/Keq

2).
When the conversion of Y is higher than 10%, larger

deviations are expected for Fischer’s equation with reaction time.
However, the newly derived equation has no conversion limit
and will match the simulation until essentially infinite time
(Figure 2).

The Fischer’s equations cannot be used for the precise
determination of the equilibrium constants when a significant
amount of persistent radical is formed. This is due to a constant
curvature inY vs t1/3 (or R vs t-1/3) coordinates. New equations
give a linear dependence with a slope directly correlated with
Keq.

Polymerization of Styrene (St).According to Fischer and
Fukuda, the evolution of monomer (M) should follow the
equation4,13

Equation 9 was directly derived from eqs 2 which were based
on the inaccurate assumption that the initiator concentration
(R-Y or dormant species in polymerization) does not change
during the reaction. Therefore, a new equation for monomer
conversion was derived (details included in Appendix II).

To test Fischer’s equation and new equation, the simulation
for the polymerization of styrene was carried out by taking rate
constants from literature (at 120°C, entry 2 in Table 1), i.e.,kd

) 0.011 s-1, kc ) 5.5× 105 M-1 s-1, kt ) 1.0× 108 M-1 s-1,
andkp ) 2.0× 103 M-1 s-1.15,16The kinetic plots for monomer

Scheme 3
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conversion from simulation and values calculated from Fischer’s
equation and the new equation are shown in Figure 5. The results
from the newly derived equation perfectly match with those
from simulation; however, the results from the Fischer’s
equation deviate at longer reaction times.

According to Fischer, the upper time limit (tU) for the
existence ofY ∼ t1/3 is 2.6× 104 s (50% formation of Y). At
this moment according to simulation and new equation, conver-
sion of monomer is 92.7% but should be 95.4% according to
Fischer’s equation.

All the derivations of the kinetic equations were based on
the constant value of termination rate constant (kt), including
the previous work of Fischer and Fukuda and this current work.
However, chain-length-dependent termination can be further
incorporated in the new model.17-19 Thus, the model will
become more complicated but more robust.

As we discussed in our previous paper, the equilibrium
constants in ATRP can be determined from theF(Y) vs t plot.9

The concentration ofY (transition metal complex) can be easily
followed by UV-vis spectroscopy. The same approach could
be applied to determine the equilibrium constants in NMP by
eq 5. However, the determination ofY for NMP usually requires
ESR, which is not easily accessible. Another approach would
be to determine theKeq via the ln(M0/M) vs t plot by coupling
eq 5 and eq 10. Knowingkp andkt, one can determineKeq by
comparison of the experimental and theoretical rate curves (cf.
Figure 5). One can find visually the best-fit value ofKeq, or
(more preferably) one can use a least-squares program to fit
kinetic data for various values ofKeq.

Polymerization of Methyl Methacrylate (MMA). With the
new data available for the NMP of MMA by using a new SG1
initiator (Scheme 2),20 Predici simulation was carried out for a
simple reaction wherekc ) 1.4 × 104 M-1 s-1, kd ) 1.0 ×
10-2 s-1, kt ) 6.1× 107 M-1 s-1, andkp ) 5.8× 102 M-1 s-1

(entry 3 in Table 1). However, these constants violate the kinetic
requirement from Fischer (eq 4),4 i.e., Keq ) kd/kc ) 7.14 ×
10-7 M > (I0kc)/(16kt) ) 1.8× 10-8 M.

As we can see from Figure 6, there is almost no quasi-
equilibrium stage. Linear increase ofY directly goes directly
into the end of reaction. Of course, there is also no match of
Fischer’s equation with simulation (Figure 6). In this case, the
rate of termination (Rt) is almost the same as the rate of
activation (Rd), which means most of the radicals are terminated
once they are formed rather than deactivated by nitroxide. The
period of steady state of radical is very long (10-3-100 s);
therefore, this reaction is more like a free radical polymerization
process. Monomer consumption is slow during this stage. When

monomer conversion reaches 42%,∼90% of the dormant
species are dead. No control is expected.

Figure 7 shows the evolution of the number-average degree
of polymerization (DPn) and polydispersity index (PDI) Mw/
Mn) in polymerization of both St and MMA. NMP of St is well
controlled and after a short initial period, DP linearly increases
with monomer conversion and PDI decreases to∼1.2. However,
the NMP of MMA is not controlled. DP is much higher than
theoretical one (200 at complete conversion), and PDI is also
significantly higher than that for St.

Conclusions

The PRE equations originally derived by Fischer are not
precise for systems when the amount of persistent radical
produced exceeds∼10%. They cannot provide correctKeq

values due to a constant curvature int1/3 dependence, sinceI0

is constantly consumed. After equilibrium is established, the
new equations are applicable up to very high conversion and
essentially infinite reaction time.

Acknowledgment. The financial support from the National
Science Foundation (CHE-04-05627) and CRP Consortium at
CMU is gratefully acknowledged.

Figure 5. Semilogarithmic plots of monomer conversion for bulk
polymerization of styrene:kd ) 0.011 s-1, kc ) 5.5× 105 M-1 s-1, kt

) 1 × 108 M-1 s-1, kp ) 2.0 × 103 M-1 s-1, I0 ) 0.05 M, M0 ) 10
M. tU ) 2.6 × 104 s.

Figure 6. Simulation of a model NMP of MMA: concentrations of
all species (solid green lines), concentrations predicted from new
equation (broken blue line), and Fischer’s equation (broken red line).
Rates of activation (Rd), deactivation (Rc), and termination (Rt) are
shown as broken black lines:kd ) 0.01 s-1, kc ) 1.4 × 104 M-1 s-1,
kt ) 6.1× 107 M-1 s-1, I0 ) 0.05 M.Keq(calc)) 7.14× 10-7 M, M0

) 10 M.

Figure 7. Simulation for the evolution of the number-average degree
of polymerization (DPn) and the polydispersity index (PDI) Mw/Mn)
for NMP of St (entry 2 in Table 1) and MMA (entry 3 in Table 3).I0

) 0.05 M, M0 ) 10 M, DPth ) 200.
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Appendix I. Derivation of New Equation for Persistent
Radical

To derive the new equation, we follow the method of Fukuda
et al.13,21 The only difference is that Fukuda et al., as well as
Fischer, discussed the case withI ) I0, while we remove this
restriction so thatI ) I0 - Y. The derivation of new equation
is based on the kinetic expression (eq 1) and two assumptions.
assumption 1 (equilibrium):

assumption 2:

Substituting assumption 1 into assumption 2, one obtains

After integration

Appendix II. Derivation of New Equation for Monomer
Conversion

The rate of monomer consumption and the rate of accumula-
tion of persistent radical follow the expression:

Dividing the first by the second expression gives

SinceR ) KeqI/Y ) (Keq(I0 - Y))/Y (the equilibrium assump-
tion), one gets

After integration, one obtains the kinetic equation for monomer
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